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Monotonicity of reduced volume; local non-collapsing
Valentina Vulcanov
The talk is divided in two parts. In the first one we give the definition of the
reduced volume and by means of reduced length we prove it to be non-increasing
in backwards time.
Definition 1 ([2]). The reduced volume of a backwards Ricci flow solution (M, g(τ ))
is defined as
Z
n

τ − 2 e−l(q,τ ) dq.

Ṽ (τ ) =

M

Proposition 1 ([2]). Ṽ (τ ) is non-increasing in τ (non-decreasing in t).
The proof comes from writing the reduced volume in terms of the exponential
map as (details in [3]):
Z
n
Ṽ (τ ) =
τ − 2 e−l(Lexpτ (v),τ ) J (v, τ )ℵτ (v)dv
Tp M

where J (v, τ ) = det d(Lexpτ (v)) and ℵτ (v) is a cut off function related to the
L-cut locus of point p ∈ M .
The tangential injectivity domain and the Jacobian will have the following properties:
ΩTp (τ2 ) ⊂ ΩTp (τ1 ), ∀ τ1 ≤ τ2
d
1 3
n
|τ =τ lnJ (v, τ ) ≤
− τ − 2 K(v, τ )
dτ
2τ
2
Here, K(v, τ ) is the analog in the tangential space of the one defined in the previous talk.
The next part concentrates on the local non-collapsing theorem. We start by
defining what it means for a solution to be κ-collapsed:
Definition 2 ([2]). A solution to the Ricci flow (gij )t = −2Rij is said to be
κ-collapsed at (x0 , t0 ) on scale r > 0 if |Rm|(x, t) ≤ r12 for all (x, t) satisfying
distt0 (x, x0 ) < r and t0 − r2 ≤ t ≤ t0 , and the volume of the metric ball B(x0 , r2 )
at time t0 is less than κrn .
Our goal is to prove the local non-collapsing theorem.
Theorem 1 ([2]). For any A > 0 there exists κ = κ(A), κ > 0 with the following
property : if gij (t) is a smooth solution to the Ricci flow on the time interval 0 ≤
t ≤ r0 2 , which has |Rm|(x, t) ≤ r012 for all (x, t) satisfying distt0 (x, x0 ) < r0 , and
the volume of the metric ball B(x0 , r2 ) at time 0 is at least A−1 r0 n , then gij (t) can
not be κ-collapsed an the scales less than r0 at points (x, r0 2 ) with distr0 2 (x, x0 ) <
Ar0 .
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As an outline, the proof is based on the separation of the region around the
problem point in two parts: one with bounded geometry obtained from the assumptions of the theorem and one in which we use the properties of the reduced
distance l in the backwards time, previously proved. Following details of [1] we
use the Bishop-Gromov inequality to prove that there exists a lower bound for the
volume of the geodesic ball at time t from the one at initial time 0. This along
with a uniform sectional curvature bound will give us the bounded geometry on
the first time region, thus a lower bound on the reduced volume of that region.
For the second part of the argument an effective upper bound on the minimum
of the reduced distance will give a lower bound on the reduced volume of the
region. This can be computed by using the properties of the L-length and reduced
distance l, obtained in the previous talk, localized around the problem point using
a ingeniously chosen radial function,depending on the reduced distance l for which
we apply a maximum principle. This gives us again a lower bound of the reduced
volume also on the second region.
Putting the two bounds together we will get a lower bound of the reduced
volume in a region where we have assumed, by contradicting the theorem, that
the solution is κ-collapsed at scales less than r0 . This contradict the definition of
κ-collapsed and finishes the proof.
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